Instantons are attached by vortices when they are put into the Higgs phase. We construct such composite solitons as 1/4 BPS states in fivedimensional supersymmetric U(N C ) gauge theory with N F (≥ N C ) fundamental hypermultiplets. We solve the 1/4 BPS equations containing these states and show that all 1/4 BPS solutions are generated by an N C × N F matrix which is holomorphic in two complex variables describing the four codimensions of the solitons. We determine the total moduli space of this system with all possible boundary conditions. We explicitly work out the multi-instanton solution inside a single vortex with complete moduli. Small instanton singularities are interpreted as small sigma-model lump singularities inside the vortex. The relation between monopoles and instantons in the Higgs phase is also clarified as limits of calorons in the Higgs phase. Another type of instantons stuck at an intersection of two vortices and dyonic instantons in the Higgs phase are also discussed.
Introduction
Instantons have attracted much attention and have been applied to a wide variety of subjects in physics and mathematics since their discovery [1] . The method to construct multiple instanton solutions was established by Atiyah, Hitchin, Drinfeld and Manin (ADHM) [2] and it was shown that the moduli space of instantons is a hyper-Kähler manifold. In supersymmetric (SUSY) gauge theories, instantons play crucial roles as a tool to study non-perturbative effects. Instanton calculus determines the exact superpotential in the low-energy effective action of N = 1 SUSY QCD [3] . Seiberg and Witten presented the exact effective action of N = 2 SUSY QCD whose prepotential contains non-perturbative terms as instanton corrections to all orders [4] . Instantons in SUSY gauge theories become 1/2 Bogomol'nyi-Prasad-Sommerfield (BPS) states, preserving a half of SUSY, if it is embedded in the Euclidean four space of the d = 4 + 1 space-time. In string theory these BPS instantons can be realized as Dp-branes on D(p + 4)-branes in type IIA/IIB string [5] , and this brane configuration gives a clear physical interpretation of the ADHM constraints as the F-and D-flatness conditions in the SUSY gauge theory on Dp-brane worldvolume. Compactification of the small instanton singularity in the ADHM moduli space [6] was understood by Nekrasov and Schwartz [7] as non-commutative instantons. In the brane picture this phenomenon corresponds to the presence of a self-dual NS-NS B-field background on the D(p + 4)-brane world-volume. Moreover, a direct calculation of N = 2 Seiberg-Witten prepotential was given by Nekrasov using the instanton counting [8] . Recently a new feature of instantons has been proposed: it has been suggested by Hanany and Tong [9] that if we place an instanton into the Higgs phase, vortices are attached to it, and that the configuration becomes a composite state of an instanton and vortices. Such a composite state is expected to be realized as a lump [10, 11] (or a sigma model instanton [12, 13] ) in the effective field theory on the vortex world-volume [9] .
The purpose of this paper is to discuss this new feature of instantons, when instantons are placed in the Higgs phase of the five-dimensional SUSY U(N C ) gauge theory with N F (≥ N C ) flavors of hypermultiplets in the fundamental representation. We show that composite states of instantons and vortices are 1/4 BPS states. We solve the 1/4 BPS equations for these states and show that all solutions are completely generated by a holomorphic N C × N F matrix function of two complex variables made of four codimensions of solitons. We call this matrix the moduli matrix. We find the total moduli space containing all topological sectors with all possible boundary conditions. We also find that other 1/4 BPS configurations containing walls, vortices and monopoles [14] are completely included in the 1/4 BPS states of instantons and vortices. The moduli matrix for multiple instantons inside a single vortex is specified by using the effective theory on the vortex. We also obtain calorons (periodic instantons) in the Higgs phase and clarify their relation to instantons and monopoles in the Higgs phase. We also find another type of instantons which are stuck at an intersection of two vortices. Dyonic instantons in the Higgs phase and other related issues are also discussed.
A key point of our discussion is to consider a 1/2 BPS vortex as a host soliton for certain class of composite 1/4 BPS states. The effective theory on the world volume of a single vortex is the SUSY CP N model [15] - [17] . An instanton in the Higgs phase is realized as a 1/2 BPS lump in this effective theory on the vortex [9] as stated above. This is similar to a recent discovery of a monopole in the Higgs phase (a confined monopole) [9] , [18] - [22] as a 1/4 BPS state, which turns out to be a composite state of a monopole attached to vortices and is realized as a 1/2 BPS kink [23] in the vortex effective action [18] . In [14] we have shown all the solutions are generated by the moduli matrix which is holomorphic with respect to a single holomorphic coordinate on the wall world volume. The moduli matrix contains all moduli parameters in all the different topological sectors of the solitons.
The moduli matrix for instantons also contains all moduli parameters in all the different topological sectors. Since the moduli matrix as a function of two holomorphic variables contains infinitely many moduli parameters, it is now difficult to specify all of them corresponding to all the solutions. Instead, we specify a moduli matrix for multiple instantons on a single vortex by interpreting them as 1/2 BPS multiple lumps in the effective theory on the world-volume of the single 1/2 BPS vortex, similarly to the case of monopoles in the Higgs phase. Monopoles in the Higgs phase can be obtained in N = 2 (eight SUSY) massive SUSY QCD (SQCD) in d = 3 + 1 dimensions. They can be promoted to monopole-strings in d = 4 + 1. The N = 2 (eight SUSY) massive SQCD in d = 3 + 1 dimensions can be obtained from our eight SUSY massless SQCD in d = 4 + 1 dimensions by a Scherk-Schwarz dimensional reduction [24] preserving SUSY. It has been found that in the Coulomb phase there is a soliton called caloron that interpolates between an instanton and a monopole [25, 26] . We clarify relations between a monopole-string and instantons in the Higgs phase and show that they can be obtained as particular limits in a wider class of solutions, namely calorons in the Higgs phase. Various BPS states and their relations considered in this paper are illustrated in Fig. 1 . We hope that present work opens a new direction in the research of instantons and monopoles. This paper is organized as follows. In Sec. 2 we derive the 1/4 BPS equations both by requiring the preservation of SUSY in the SUSY transformation laws on the fermions and by performing a Bogomol'nyi completion of the energy density. We solve them and show that all solutions are generated by the moduli matrix. The moduli space with all possible boundary conditions is also clarified. In Sec. 3 we first identify the moduli matrix for a single vortex where we determine the coefficient (the Kähler class) of the Kähler potential in the effective theory on a single vortex (A→B). Promoting moduli parameters in that matrix to functions of the worldvolume coordinates we obtain the moduli matrix for a certain class of 1/4 BPS states, given as multiple instantons inside a single vortex (A→C). We also determine the topology of the moduli space for that topological sector. In Sec. 4 we discuss the relation between theories and solitons in d = 4 + 1 (the triangle ABC) and d = 3 + 1 (the triangle A ′ B ′ C ′ ). It is shown that the 1/4 BPS equations and the projection operators for instantons and vortices in d = 4 + 1 reduce to those for monopoles, vortices and walls in d = 3 + 1. The instanton charge reduces to the monopole charge. We find that a particular form of the moduli matrix (in d = 4 + 1) reproduces composite states made of walls, vortices and monopoles, uniformly distributed to one direction. Therefore the total moduli space of these composite states found in [14] has one-to-one correspondence with a subset of the total moduli space for composite states of vortices and instantons. We also clarify the relations between these total moduli spaces for 1/4 BPS states and those for 1/2 BPS walls found in [27, 28] and for 1/2 BPS vortices. Then we specify the moduli matrix for a monopole in the Higgs phase in d = 3 + 1. As a by-product we give a new way to obtain the potential in the effective theory on a single vortex in the massive theory. (That potential was originally discussed by D. Tong [29] .) We then discuss the calorons in the Higgs phase using the vortex effective theory. Sec. 5 is devoted to conclusion and discussion. We discuss classification of all solutions of our 1/4 BPS equations. There we construct another interesting solution, intersecting vortices whose intersecting point carries instanton charges. We thus conclude that there exist two kinds of instantons in the Higgs phase; the one is an instanton inside a vortex and the other is an instanton stuck at the intersection of vortices. 1/4 BPS dyonic instantons are also discussed.
1/4 BPS Equations and Solutions

1/4 BPS Equations for Vortices and Instantons
We work with a U(N C ) gauge theory with N F massless hypermultiplets in the fundamental representation in d = 4 + 1 dimensions 1 as the minimum dimension with four spacial dimensions allowing instantons (A in Fig.1) . We consider the minimum number of supersymmetry (SUSY) which is eight in our case. Since we consider massless hypermultiplet, we have an SU(N F ) flavor symmetry. We consider the case of N F ≥ N C . The physical fields contained in the vector multiplet are a U(N C ) gauge field W M (M = 0, 1, · · · , 4), symplectic Majorana spinors λ i with SU(2) R indices i = 1, 2 and a real adjoint scalar field Σ. The physical fields contained in the hypermultiplets are complex scalars H irA (r = 1, 2, · · · , N C , A = 1, 2, · · · , N F ) and Dirac spinors ψ rA . We express N C × N F matrix of hypermultiplets by H i . The bosonic Lagrangian takes the form of
where the trace is taken over the color indices, g is the gauge coupling constant taken common for U(1) and SU(N C ) parts of the U(N C ) gauge group, in order to allow simple solutions later. The covariant derivatives and the field strength are defined by
are auxiliary fields of the vector multiplet which are determined by their equations of motion as
with the Pauli matrices σ a for SU(2) R and real parameters c a called the Fayet-Iliopoulos (FI) parameters.
The SUSY transformation of the fermionic fields are given by
3)
Here the anti-symmetric tensor is defined by ǫ 12 = ǫ 12 = 1. The SU(2) R rotation allows us to choose the FI parameters as c a = (0, 0, c > 0) without loss of generality. Then conditions for supersymmetric vacua are obtained as
Since the non vanishing FI parameter in the first equation does not allow H i = 0 for both i, the third equation requires Σ to vanish. Hence the vacua are in the Higgs branch with completely broken U(N C ) gauge symmetry. For N F > N C the moduli space of vacua is the cotangent bundle over the complex Grassmann manifold,
Recently it has been suggested that this model admits BPS states containing both nonAbelian vortices and instantons [9] . The Bogomol'nyi completion for energy density in static configurations can be performed as [9] 
where m, n (= 1, 2, 3, 4) denote spatial indices for the four codimensional coordinates of solitons and two complex coordinates and the covariant derivatives are defined by
respectively. In Eq. (2.6) we have assumed H 2 = 0 for simplicity, 2 and we have simply denoted H ≡ H 1 . Here we have also ignored Σ because it vanishes for our 1/4 BPS states except in sect.5 where we restore Σ in order to discuss more general solution including dyonic instantons. The last line of Eq.(2.6) gives the BPS bound for the energy density. Its first term counts topological charges for vortices in the 1-3 plane and the 2-4 plane extending to the 2-4 plane and the 1-3 plane, respectively, and the second term for the instantons. The current J m is defined by
, and similarly for 2, 4 directions. It gives a surface term which does not contribute to the energy of solitons integrated over the entire space. By using the BPS equations given below, it can be rewritten as
The BPS equations minimizing the energy density can be obtained from (2.6) as [9] :
8)
The first two equations in Eq.(2.8) give an integrability condition for differential operatorsD and D We now show that all configurations satisfying the BPS equations (2.8) and (2.9) preserve 1/4 (but not 1/8) SUSY.
3 To this end we introduce projections on the fermionic supertransformation parameters ε: it is specified by the subspace with positive eigenvalues of gamma matrices Γ (Γ 2 = 1) in the form of Γε = ε. The gamma matrices Γ v for the projection allowing vortices in the 1-3 plane, Γ v ′ for vortices in the 2-4 plane and Γ i for instantons are given by 
Solutions and Their Moduli Space
Let us solve the BPS equations (2.8) and (2.9) by generalizing the method introduced in [27] (A→C in Fig.1 ). The four equations in Eq. (2.8) can be formally solved as 12) with W and W ′ defined byW
and an N C × N C non-singular matrix function S(x m ) is defined as a solution of the first two equations in (2.12). Then the last two equations in Eq. (2.8) is solved by Eq. (2.12) with an N C × N F matrix H 0 (z, w) whose components are arbitrary holomorphic functions with respect to z and w. The matrix H 0 (z, w) should have rank N C in generic points (z, w) (namely, apart from isolated points). We call H 0 the moduli matrix because all moduli parameters of solutions are expected to be contained in this matrix 4 . There is an important symmetry, which we call the 3 The authors in Ref. [9] suspected that solutions of Eqs.(2.8) and (2.9) preserve 1/8 SUSY, but it is not the case. 4 In the next section, we explicitly show that the moduli matrix containes all the moduli parameters in the case of the single non-Abelian vortex. In the presence of at least one vortex, the equation H 2 = 0 holds as explained in the footnote 2 and therefore no moduli parameters appear in H 2 . There exists possibility such that Ω defined in Eq. (2.16) below contains additional moduli parameters. We have to prove the index theorem for our 1/4 BPS states to clarify this point.
world-volume symmetry [27] , defined by
with V (z, w) an element of GL(N C , C) whose components are holomorphic with respect to z and w. The world-volume symmetry (2.14) relates sets of (H 0 , S) and (H ′ 0 , S ′ ) which give the same physical quantities and defines an equivalence relation [27, 14, 28] . Then the total moduli space M vv ′ i including all topological sectors with different boundary conditions can be identified as a quotient of the holomorphic maps defined by
Once H 0 is given, the matrix function S(x m ) can be determined by the last two equations in Eq. (2.8) up to the U(N C ) gauge transformation. To solve it, it is useful to introduce a gauge invariant matrix
which transforms as Ω → V ΩV † under the world-volume transformation (2.14). Then the remaining BPS equation (2.9) can be reexpressed in terms of Ω as
We call this the master equation for our 1/4 BPS system.
The energy density for the 1/4 BPS states consists of contributions with the vorticity densities ρ v in the 1-3 plane and ρ v ′ in the 2-4 plane, and the instanton number density ρ i as
The vorticity densities ρ v in the 1-3 plane and ρ v ′ in the 2-4 plane are given in terms of Ω as
For finite energy configurations, Ω must approach Ω 0 at asymptotic spacial infinity in the codimensions (along the direction perpendicular to the vortex). Therefore topological charge such as the vorticity in the 1-3 plane ν v is determined by boundary conditions encoded in Ω 0 as 20) and similarly for vorticicty ν v ′ in the 2-4 plane. Then the maximal power of |z| 2 and |w| 2 of the determinant of Ω 0 gives the vorticity ν v and ν v ′ , respectively. On the other hand, the instanton density ρ i is given in terms of Ω as
To obtain the instanton number ν i , we should just integrate over the density ρ i over the Euclidean four space as ν i = d 4 x ρ i . In the case of instantons in the Higgs phase, Ω approaches to Ω 0 at the infinity (|z| → ∞) perpendicular to the host vortices in the 1-3 plane. On the other hand, it does not approach to Ω 0 at infinities (|w| → ∞) along the host vortices, but to the solution of 1/2 BPS vortices Ω v (z,z) which does not depend on w,w. Instanton charges can be calculated by evaluating asymptotic values of Ω, ∂
′ Ω and∂ ′ Ω at infinities (|w| → ∞). This can be correctlly performed by using the Manton's effective action [30] of the host vortices as we will show in the next section.
Theories with N F > N C are called semi-local theories, and vortices in these theories are called semi-local vortices. In this case of N F > N C we can consider the strong gauge coupling limit g 2 → ∞ in which the model reduces to the nonliniear sigma model whose target space is the cotangent bundle over the complex Grassmann manifold, T * (G N F ,N C ) [31] , and semi-local vortices become Grassmannian sigma-model lumps. In this limit the master equation (2.17) becomes the algebraic equation as [27, 14, 28 ]
Eq. (2.22) requires the moduli matrix H 0 to have rank N C for entire complex (z, w) plane, in order for Ω to be invertible. Therefore the moduli space in this limit becomes simply the space of all the holomorphic maps from the complex two plane to the complex Grassmann manifold
Let us recall that the moduli space M vv ′ i in Eq. (2.15) at finite g 2 admits isolated points where the rank of H 0 is less than N C . Such isolated points correspond to Abrikosov-NielsenOlesen (ANO) vortices [32] sizes of whose cores are of order L v ∼ 1/(g √ c). In the infinite gauge coupling limit, the ANO vortices tend to zero-size singular configurations of the delta function. In the sigma models (g 2 → ∞) such singular configurations give small lump singularities and are no longer points in the moduli space M For the case of N F = N C where we cannot take the infinite gauge coupling limit the moduli space purely contains degrees of freedom of the ANO vortices and instantons as studied in the next section.
Instantons in the Higgs phase
We have derived the master equation (2.17) of our 1/4 BPS system and have shown that the total moduli space is given by M vv ′ i ≃ H\G in Eq. (2.15) (A→C in Fig.1 ). It is, however, difficult to clarify what configuration each point of the moduli space gives, because we cannot solve the master equation (2.17) in its full generality. In order to overcome this problem partially, we here restrict ourselves to consider 1/4 BPS solutions which can be interpreted as 1/2 BPS lumps (B→C in Fig.1 ) on the world volume of 1/2 BPS vortices in the 1-3 plane (A→B in Fig.1 ).
5 Such restricted solutions constitute a moduli subspace in the total moduli space M vv ′ i defined as the space of all the holomorphic maps from complex plane to the vortex moduli space
where the factor C representing the center of positions of the vortices is factored out from the target space because lumps cannot wrap it. In the case of a single vortex the reduced moduli spaceM v coincides with the target space of lumps and the moduli space (3.1) reduces to that of the lump as will be shown below. The further study is required for the case of multiple vortices.
This section consists of two subsections. In the first subsection we give the effective action on 1/2 BPS vortices, which we call the vortex theory (B in Fig.1 ), and explain a relation between the 1/4 BPS states and the 1/2 BPS states in the vortex theory (A→B→C in Fig.1 ). In particular we work out the vortices in the theory with N C = N F ≡ N forcusing on N = 2, but not the semi-local vortices with N F > N C . In the second subsection we find the 1/4 BPS solutions for instantons in the Higgs phase by embedding the lump solution holomorphically into the moduli matrix for the vortex of 1/4 BPS solutions (A→C in Fig.1 ).
Instantons as lumps on vortices
Let us first work out the 1/2 BPS non-Abelian vortex (A→B in Fig.1 ). The 1/2 BPS equations for the vortices in the 1-3 plane can be derived under 1/2 SUSY condition with the projection defined by Γ v . They are obtained by ignoring dependence on w in Eqs. (2.8) and (2.9). Then the master equation for vortices is also obtained by throwing away the w-dependence in Eq. (2.17). The moduli matrix H v0 for vortices does not depend on w and is holomorphic with respect to z. The total moduli space of the non-Abelian vortices is also obtained from M vv ′ i in Eq.(2.15) by ignoring w dependence:
The effective Lagrangian using the method of Manton [30] is obtained by promoting the moduli parameters φ i in the background solutions with Ω v (H 0 (φ), H * 0 (φ * )) to fields φ i (x u ) depending on the world-volume coordinates x u (u = 0, 2, 4) on vortices. After a lengthy calculation taking the Gauss's law into account, we find the following effective Lagrangian on the world volume of the vortices [33] in terms of Ω v (B in Fig.1 ):
where the variation δ u and its conjugate δ † u act on complex moduli fields as
The original theory with N F > N C reduces to the nonlinear sigma model on T * G N F ,N C in the strong gauge coupling limit g 2 → ∞ as stated in the last section. Semilocal vortices become 1/2 BPS Grasmannian sigma-model lumps. The second term in the effective Lagrangin (3.3) for the vortices vanishes in this limit and we get the Kähler potential of the effective action for the Grasmanniann lumps as
). This form of the Kähler potential is well known in the case of the CP N F −1 lumps corresponding to the case of N C = 1 [10, 11] .
Let us now clarify the correspondence between 1/4 BPS states of the parent theory (A→B in Fig.1 ) and 1/2 BPS states on the vortex theory (A→B→C in Fig.1 
Assuming a static solution, we obtain
The 1/2 BPS equation (3.4) on the vortex theory implies that the variation δ u × δ † u can be identified with −2∂
′ ×∂ ′ on the 1/2 BPS states
Thus the effective Lagrangian (3.3) evaluated on the 1/2 BPS states correctly gives the minus of the energy dinsity (2.18) omitting the contribution of vortices in the 1-3 plane. More explicitly, the first term in Eq.(3.3) corresponds to the vortices in the 2-4 plane and the second term to the instantons. This assures that instantons as 1/4 BPS states can be identified as 1/2 BPS states on the vortex theory.
To avoid inessential complications, let us consider the theory in the case of N = 2. The moduli space for a single vortex in this theory was found to be C × CP 1 in Refs. [15, 16] where C parameterizes and a zero mode for broken translational symmetry in the two codimensions and CP 1 for broken global SU(2) F symmetry in the internal space, respectively. Let us first find out the moduli matrices for the single vortex and recover the previous results in Ref. [15, 16] in terms of the moduli matrices (A→B in Fig.1 ). As was mentioned in the previous section, det Ω 0 ∝ det H 0 H † 0 for the single vortex has to be proportional to |z − z 0 | 2 with z 0 the position of the vortex. We find that general moduli matrices for the single vortex can be transformed by the world-volume symmetry (2.14) to either of the following two matrices: , respectively. The moduli parameter b can be identified as the orientational moduli parameter which is associated with the spontaneously broken SU(2) F flavor symmetry [15, 16] . In fact, the above moduli matrix can be rederived from that with b = 0 by acting U ∈ SU(2) F combined with a world-volume transformation V U : (z; z 0 , b) is the most general for a single vortex in the sense that it contains all solutions with a single vortex. This is consistent with the results in Ref. [15] , where the real dimension of the moduli space of the non-Abelian k vortices was obtained as 2kN by making use of the index theorem.
Let us next solve the master equation for the single vortex with the moduli matrix (3.7). To do this, we first recall the case of N = 1, where we obtain the well-known ANO vortex. In our formulation, the ANO vortex is given by Ω ⋆ satisfying
Returning to the N = 2 case, let us first take the diagonal moduli matrix H by using the world-volume transformation V U in Eq.(3.9) as
We now reach the place where the effective theory of the single vortex can be exactly obtained (B in Fig.1 ). This can be achieved by promoting the moduli parameters z 0 and b in the solution (3.11) into fields on the vortex world-volume z 0 (t, w,w) and b(t, w,w) and by plugging them into the effective Lagrangian (3.3) [30] . We thus find the Kähler potential with the coefficient of the Kähler metric (Kähler class) 4π/g 2 for the full moduli fields z 0 (t, w,w) and b(t, w,w) :
The first term comes from the first term of the effective Lagrangian (3.3) and the second term from the second term of (3.3) corresponding to the instantons. This Lagrangian with the Kähler class 4π/g 2 was also determined in [15] by the brane configuration and in [20] by using the 1/4 BPS states with monopoles in the Higgs phase.
Following the prescription given in the introduction, next we consider the 1/2 BPS lumps in the effective theory on the 2+1 dimensional world volume of the vortex (B→C in Fig.1 ). The BPS equation (3.4) can be solved for k-lumps using rational functions of degree k [12, 10] as
with
14)
The moduli parameters {p 1 , p 2 , · · · , p k } have one to one correspondence with the positions of the k-lumps in the host vortex, a with the total size of the configurations and {q 1 , q 2 , · · · , q k−1 } with the relative sizes of the k-lumps. The remaining modulus α parametrizes CP 1 at the bounday (the infinity) of w since b(w) → 1/α as |w| → ∞. Especially, {p i , a, q j } can precisely be identified with positions and sizes of k-lumps when α = 0.
7 Notice that zeros of the denominater in Eq. (3.13) are not true singularities but mere coordinate singularities. This is an artifact caused by the fact that b is an inhomogenious coordinate of the CP 1 manifold. Namely the corresponding configurations are smooth and continuous at these coordinate singularities. On the other hand, the point a = 0 and the points p i = q j are true singularities of the moduli space of the lumps since the degree of the solution (3.13) decreases and the corresponding configurations become singular. These singularities are called small lump singularities.
As was expected, the mass of k-lumps precisely agrees with that of the k-instantons, namely 8π 2 k/g 2 . This mass comes from the second term in Eq.(3.12) which originally corresponds to the instanton charges as was shown in the previous section. We thus can identify the 1/4 BPS instantons in the original theory in d = 4 + 1 dimensions (A→C in Fig.1 ) as the 1/2 BPS lumps in the effective theory on the d = 2 + 1 dimensional world-volume of the vortex (A→B→C in Fig.1 ).
Returning to the vortex, orientational moduli space for spontaneous symmetry breaking by the single non-Abelian vortex for the case of N > 2 was shown to be SU(N)/[SU(N −1)×U(1)] ≃ CP N −1 [15, 16, 17] . One of the patch for moduli space of the single vortex is given by
with b i complex parameters. There exist other N − 1 patchs for CP N −1 given through the worldvolume transfomation (2.14). There exist N complex moduli parameters z 0 and b i . Here z 0 is the position of the vortex and b i are orientational moduli parametrizing CP N −1 . The Kähler potential for the orientational moduli parameters b i can be determined up to the constant factor as K ∝ log(1 + |b i | 2 ) by discussing only symmetry. The factor can be precisely determined without exact solutions or any calculations by recognizing an equivalence between the mass of the 1/4 BPS objects in the original theory and the 1/2 BPS objects in the vortex theory. Then we get
The multi-lump solution for the CP N −1 model is also known [11] .
1/4 BPS solutions of the instantons in the Higgs phase
The aim of this subsection is to specify the moduli matrix H 0 (z, w) for the instantons in the Higgs phase as the 1/4 BPS states (A→C in Fig.1 ), which have been found to be the 1/2 BPS lumps on the vortex theory in the previous subsection (A→B→C in Fig.1 ). We will also specify the moduli space of the instantons in the Higgs phase. Our basic strategy is to replace the moduli parameter b in the moduli matrix H 
Although this procedure is very simple, there exists a technical complication; a solution b(w) is not holomorphic at some points in w where b(w) diverges, whereas all components in the moduli matrix H 0 (z, w) have to be holomorphic with respect to both z and w at any point (z, w) ∈ C 2 to cover the whole solutions consistently. This can be overcome by noting that the lump solution b(w) is given in an inhomogeneous coordinate b on CP 1 . Therefore we should transform the moduli matrix H single v0 (z; z 0 , b(w)) written in the inhomogeneous cooordinate b into the one in homogenious coordinates. This can be achieved by
with A k−1 and B k−2 being the polynomial functions of order k − 1 and k − 2 in w, given by
These A k−1 (w) and B k−2 (w) have been uniquely determined by the condition
requiring that the vorticity of the solution should coincide with the one in Eq. 
with the matrix V (P k , Q k−1 ) defined by
This matrix is a valid world-volume transformation (2.14) only in a particular region of w with αP k + aQ k−1 non-zero. since it has a singularity in w. Although V (P k , Q k−1 ) is not a valid worldvolume transformation (2.14) because of singularities in w, it is needed to obtain the regular moduli matrix (3.18) by compensating singularities in H single v0 (z; z 0 , b(w)).
Next let us examine the moduli parameters of the k-instantons in the Higgs phase in detail. No new parameters appear in A k−1 and B k−2 , and therefore the configuration of k-instantons in the Higgs phase has the 2k + 2 complex moduli parameters (z 0 , {p i }, {q j }, a, α). Here z 0 is the position of the single vortex on the 1-3 plane. As was mentioned in the first of this section, this decouples with other moduli paramters. So the moduli space of this configuration can be simply written as
(3.23) 9 We can consider the polynomial functions A k ′ of order k ′ and B k ′ −1 of order k ′ − 1 for k ′ > k − 1. However, we can always set k ′ = k − 1 by use of the world-volume transformation without loss of generality. Note that this decoupling property of z 0 from ({p i }, {q j }, a, α) can also be read from the Kähler potential (3.12) . From the discussion given in the previous subsection, we realize that {p i } correspond to the positions of k-instantons inside the vortex, a to the total size and the orientation of the configurations and {q j } to the relative sizes and orientations of the instantons. It is very interesting to observe that the small lump singuralities with a = 0 or p i = q j in Eq. (3.13) are now interpreted as the small instanton singuralities in the Higgs phase. In fact, in the limit with a tending to zero the rank of the moduli matrix (3.18) reduces by one and its determinant vanishes. Then the point a → 0 is singular in the moduli space. On the other hand, the small lump singuralities coming from p i = q j in Eq. (3.13) appear as the divergences of 1/P k and 1/Q k−1 in A k−1 and B k−2 in Eq.(3.19). 10 The remaining parameter α parametrize CP 1 similarly to the lump solutions. In summary we find z 0 ∈ C,
Now we discuss the simplest case of a single instanton (k = 1) with A 0 = 1 and B −1 = 0 in more detail. Then we have
To clarify the physical significance of these four complex moduli parameters z 0 , p 1 , a, α, let us transform the moduli matrix in Eq. (3.24) into that with α = 0 by the SU(2) F rotation. This can be perfomed by choosing φ 2 = −αφ * 1 of U in Eq.(3.9) and factor out the world-volume symmetry in Eq.(2.14). Then we get the physical position p 0 and the size |a 0 | of the instanton in the vortex
(3.25)
These are invariant under the SU(2) N F transformation. We illustrate this configuration in four Euclidean space schematically in Fig. 2 .
Let us discuss the global structure (topology) of the the moduli space M 1-instanton of one instanton. The moduli matrix in one patch H ′ 0 corresponding to the second one in Eq. (3.7) is related to that in the other patch H 0 in Eq.(3.24) by a world volume transformation V as
10 In Eq. (3.19) these also appear to diverge when p i = p i ′ for i = i ′ and q j = q j ′ for j = j ′ , respectively, but it is not the case; We can show that the factors p i − p i ′ and q j − q j ′ in denominators are always cancelled with numerators after the summation. Hence the points p i = p i ′ and q i = q j ′ are not singular in the moduli space.
with the following relation between coordinates in two patches
Here both α and α ′ are the patches of the standard inhomogeneous coordinates of the CP 1 and they are enough to cover the whole manifold. We see that p 1 and a transform in the union of the two patches α and α ′ . We find that a requires a nontrivial transition function −1/α 2 between two patches, showing that it is a tangent vector as a fiber on the CP 1 . However, instead of p 1 we can use the coordinate p 0 in Eq. (3.25) which is an invariant global coordinate for two patches, indicating that the space C parametrized by p 0 is a direct product to the CP 1 . Therefore we obtain the topology of the moduli space of one U(2) instanton in the Higgs phase as
with F ⋉ B denoting a fiber bundle over a base space B with a fiber F . More precisely C * ⋉ CP 1 is the tangent bundle without zero section.
11
For the case of N > 2 we can specify the moduli matrix H 0 (z, w) for a particular class of 1/4 BPS solutions identified as 1/2 BPS states in the vortex theory, similarly to the case of N = 2. We could also obtain the moduli matrices and the moduli space for 1/4 BPS states corresponding to the U(N) instantons in the Higgs phase by repeating the same discussion.
Monopoles and calorons in the Higgs phase
Recently, 1/4 BPS states of the monopoles in the Higgs phase were studied [18] - [22] in 3 + 1 dimensional massive SQCD with non-degenerate masses for hypermultiplets. Unlike the case of the massless model (or the massive model in which all the mass parameters are degenerate), the SU(N F ) flavor symmetry is explicitly broken to U(1) N F −1 in the massive case. Therefore vortices in the model with non-degenerate masses are essentially Abelian (ANO) vortices, and moduli fields corresponding to the orientational moduli paramters [19, 9, 17] are not exactly massless moduli in the effective theory of vortices. It has been found that the effective theory of the non-Abelian vortices can be constructed in the case where the mass difference is very smaller than the FI paramter |∆m| ≪ĝ √ĉ [29, 18] . Hereĝ andĉ are the gauge coupling and the FI parameter in 3+1 dimensions, respectively. The effective theory has a potentialV ∼ k 2 where k is a Killing vector on the moduli space of the non-Abelian vortices in the massless model [29, 18] . In the following of this section we call the vortex theory with the potential massive vortex theory and the vortex theory without any potential massless vortex theory.
It has been shown in Ref. [18] that the 1/4 BPS state of the monopoles in the Higgs phase can be realized as the 1/2 BPS kinks in the massive vortex theory (A ′ →B ′ →C ′ in Fig.1 ). In this section we will find the 1/4 BPS solution corresponding to the monopoles in the Higgs phase 11 It is interesting to observe that the moduli space (3.28) with zero section added is homeomorphic to that of single U (2) non-commutative instanton, C 2 × T * CP 1 [7] .
directly. Namely, we specify the moduli matrix for the 1/4 BPS state of the monopoles in the Higgs phase (A ′ →C ′ in Fig.1 ). To achieve this, we find that it is very useful to promote the 3+1 dimensional massive theory to the 4+1 dimensional massless theory (A ′ →A in Fig.1 ). By this procedure a monopole in 3+1 dimensions becomes a monopole-string in 4+1 dimensions. This 4+1 dimensional point of view (the triangle ABC in Fig.1 ) not only gives a nice realization of the monopoles but also leads to calorons in the Higgs phase which interporate between the instantons and the monopoles in the Higgs phase.
Walls, vortices and monopoles revisited
The four-dimensional massive model with non-degenerate masses
for hypermultiplets can be derived from our five-dimensional massless SQCD by performing the Scherk-Schwarz (SS) dimensional reduction [24] (A→A ′ in Fig.1 ), in which the fifth direction x 4 is compactified on S 1 with radius R using a twisted boundary condition
with 0 ≤ m A < 1/R. If we ignore the infinite towers of the Kaluza-Klein modes, we have the lightest mass fieldĤ(x µ ) as a function of the four-dimensional spacetime coordinates
with µ = 0, 1, 2, 3. Other fields neutral under the SU(N F ) flavor symmetry are of the form
The 1/4 BPS equations (we have ignored H 2 and Σ) in (2.8) and (2.9) reduce to those in four dimensions [14] 
5)
Here the gauge couplingĝ and the FI paramterĉ in four dimensions are given by
respectively. It was known that these BPS equations admit walls, vortices and monopoles as 1/4 BPS states [18, 14] (A ′ →C ′ in Fig.1 ). The supercharges preserved by the above BPS equations are summarized in the Table 1 :
The Table 1 shows that vortices in the 1-3 plane, vortices in the 2-4 plane and instantons in five dimensions are the BPS states with the conserved supercharge specified by the same projection as Table 1 : Gamma matrix of the projection operator for 1/4 BPS states in 4 and 5 dimensions.
vortices in the 1-3 plane, walls transverse to the x 2 -direction and monopoles in four dimensions, respectively. Therefore after the SS dimensional reduction, these BPS solitons in five dimensions reduce to the respective BPS solitons in four dimensions. In fact, the instanton charge coincides with the monopole charge under the SS dimensional reduction as
The BPS equations in Eqs.(4.5) and (4.6) in 3+1 dimensional massive theory have been solved in terms of the moduli matrix of the system [14] . Especially all the exact solutions were obtained in the strong gauge coupling limitĝ 2 → ∞ in the semilocal case with N F > N C . Here we reconsider Eqs.(4.5) and (4.6) in general case of N F ≥ N C from the five-dimensional point of view. For that purpose, let us consider a restricted sector of the moduli space which is specified by the moduli matrix H 0 (z, w) in the form of 9) where an N C × N F matrixĤ 0 (z) does not depend on w,w, and is holomorphic with respect to z. The matrixĤ 0 (z) should have rank N C in generic points of z (namely, apart from isolated points). Note that this restriction (4.9) is up to the world-volume transformation (2.14). For the restricted moduli matrix given above the "source" Ω 0 of the master equation (2.17) is independent of the
. At this stage, the master equation (2.17) reduces to
Their solution (2.12) can also be rewritten as follows
Notice that the above solution automatically satisfies the condition of the SS dimensional reduction (4.3) if we identifyĤ
The master equation (4.10) and its solutions (4.11) and (4.12) completely agree with those for the 1/4 BPS states containing walls, vortices and monopoles [14] . Therefore the restriction (4.9) to the form of the moduli matrix gives a map from 1/4 BPS solutions in 3+1 dimensions to those in 4+1 dimensions (C→C ′ in Fig.1 ).
We now realize that all the 1/4 BPS states of the walls, vortices and monopoles in the massive SQCD [14] have one to one correspondence with those in the restricted sector (4.9) of our 1/4 BPS states (vortices and instantons) in the five-dimensional massless SQCD. The moduli space of the former can also be understood from the five-dimensional point of view as
It is interesting to observe that this total moduli space agree with that for the non-Abelian vortices in Eq.(3.2), M wvm ≃ M v , although the former is for 1/4 BPS states and the latter is for 1/2 BPS states. In the strong gauge coupling limit the moduli space M wvm becomes 14) in the case of N F > N C . This coincides with the moduli space of the Grassmannian sigma-model lumps [13] which can be classified by
Moreover, if we push forward this descent relation from M vv ′ i to M wvm , we arrive at solutions of the non-Abelian walls and their moduli space M w which have been extensively studied in Ref. [27, 34] . To achieve this, we ignore z dependence in M wvm :
where C 0 is just a point. It is interesting that in the strong gauge coupling (N F > N C ) the total moduli space is unchanged 16) unlike the case of other solitons because the moduli matrix H w0 is a constant matrix here.
We thus have found that solutions of our BPS equations (2.8) and (2.9) can give all four kinds of solitons: walls, vortices, monopoles and instantons. The relations between their total moduli spaces are given by
(4.17)
Monopoles in the Higgs phase
Let us next find the solution of Eqs.(4.5) and (4.6) (A ′ →C ′ in Fig.1 ) corresponding to one monopole in the Higgs phase, namely a single monopole attatched to a vortex. To be precise, we restrict ourselves into the simplest case with N C = N F ≡ N = 2 in the following of this section. As was explained in Sec. 3, the most general moduli matrix containing a single vortex can be written in the form ofĤ
where b c is a constant complex paramter. Notice that this is the same form with the moduli matrix (3.7) generating only a single vortex in the massless theory. However in the massive theory the moduli matrix (4.18) gives not only a vortex but also a monopole, where b c gives the position and the phase of a monopole inside the vortex, as will be shown below. The difference between the massless theory and the massive theory appears as the factor e M x 2 in Eq. (4.12) which is absent in Eq.(2.12). In the massless limit M → 0, the moduli matrix (4.18) gives a single vortex only as expected.
Similarly to instantons in the Higgs phase, we can calculate charge of the monopole in the Higgs phase in terms of the massive vortex theory. To this end, let us recall the following two facts. One is that the instantons can be realized as lumps in the massless vortex theory with the Kähler potential (3.12) (A→B→C in Fig.1 ). The other is that 1/4 BPS states in the fourdimensional massive theory can be obtained by the restriction (4.9) on 1/4 BPS states in the five-dimensional massless theory (C→C ′ in Fig.1 ). Combining these facts together, we naturally arrive at a notion of the SS dimensional reduction for the vortex theory (B→B ′ in Fig.1 ). In order to achieve this, we should first find what the action of the SS dimensional reduction to the vortex theory is. In terms of the moduli matrix H 0 (z, w) the above twisted boundary condition (4.2) can be translated in terms of the moduli matrix as H 0 (z, w + 2πiR) = V H 0 (z, w)e 2πiRM where V (z, w) is an element of world-volume transformation (2.14) . This naturally induces the following twisted boundary condition on the moduli fields z 0 (t, xThese exactly agree with the results in Ref. [18] including the Kähler class of the Kähler potential and the coefficient of the scalar potential.
The scalar potential in Eq.(4.21) admits two discrete SUSY vacua atb = 0, ∞. Thus 1/2 BPS states on the vortex theory become kinks (B ′ →C ′ in Fig.1 ). In fact, the 1/2 BPS equation (3.4) reduces to 22) and the solution interpolating betweenb = 0 andb = ∞ is found to bê
where e −iθ is a phase and a real parameter x 2 0 is a position of the kink [23] . Although this configuration exponentially grows, the energy density is localized around 24) implying usual wall profile in suitable coordinates. The mass of the kink can be obtained by integrating this over the x 2 -coordinate and we get 4π∆m/ĝ 2 . This coincides with the mass of a monopole in the Coulomb phase 12 . Thus monopoles in the Higgs phase can be seen as the 1/2 BPS kinks in the vortex theory [18] . (4.25) Note that the Kähler potential (3.12) with this solution substituted is independent of x 4 because it is a function of |b| = e ∆m(x 2 −x 2 0 ) . Therefore the energy density of this configuration extends along the x 4 -axis to infinity. Then this configuration is understood as a 1/4 BPS state of the monopolestring in the Higgs phase. Let us next find the moduli matrix H 0 (z, w) in five dimensions corresponding to the moduli matrix given in Eq. 
We thus find b(w) = b c e ∆mw . Comparing this with the kink solution in (4.25), the complex parameter b c can be identified as ((A→C) = (A→B→C) in Fig.1 )
Hence, we conclude that the 1/4 BPS moduli matrix (4.18) describes a monopole in the Higgs phase and the complex parameter b c therein is the position and the phase of the monopole. In the massless limit ∆m → 0 with ∆mx 2 0 fixed, b c becomes the orientational moduli of the non-Abelian vortex since the SU(2) F flavor symmetry, which is explicitly broken to U(1) F by non-zero ∆m, is restored when ∆m = 0.
Calorons in the Higgs phase
In the Coulomb phase (unbroken gauge symmetry) there is well known way to get ordinary monopole solution independent of x 4 from instanton solutions [25, 26] . Range the instantons with equal size along the x 4 -axis periodically. After takeing the limit where the size parameter of instantons goes to infinity the configuration becomes one BPS monopole-string solution extending to the x 4 -axis [25, 26] . In the Higgs phase, instantons, a monopole-string and calorons which interpolate between instantons and the monopole-string can be understood in terms of the deformations of the lump solutions in the vortex theory. In this subsection we will concentrate on 1/2 BPS states in the 2+1 dimensional massless vortex theory with the Kähler potential (3.12) (B→C in Fig.1 ).
Let us first examine the monopole-string solution (4.25) as the sigma model lump in the massless vortex theory in more detail. We first note that the solution b = b c e ∆mw in Eq.(4.25) is a 1/2 BPS state in the vortex theory since this is holomorphic in w and is a solution of the BPS equation (3.4) in the vortex theory. Although this solution has one co-dimension in the vortex theory, this is not a domain wall which is a topological soliton supported by the homotopy group π 0 because there is no scalar potential here. Rather, we should realize this soution as a topological object which consists of an infinite number of 1/2 BPS lumps supported by the homotopy group π 2 . To see this, we decompose the solution as b = b c e ∆mx 2 e i∆mx 4 . Then it is clear that a strip σ
/∆m]} is mapped to the CP 1 manifold once by this configuration. Then the solution b = b c e ∆mw has infinite winding number π 2 (CP 1 ) = ∞. Hence this can be realized as topological object which has an infinite number of lump charge. The energy density of the solution is the same form as that in Eq.(4.24). If we integrate this in a strip σ
R is a compactification radius associated with the SS dimensional reduction), we find that the tension of the solution in the strip σ Here, µ and a are arbitrary real parameters with mass dimension one and minus one respectively. Similarly to the ordinary calorons in the Coulomb phase [25, 26] , the calorons in the Higgs phase can be continuously deformed the monopole-string or instantons. In fact, in the limit θ → 0 with µ fixed, this solution reduces to the 1/4 BPS monopole-string b → e µ(w−w 0 ) as shown in Fig.3(a) . There is an another limit θ → ∞ with a fixed. In this limit this solution reduces to 1/4 BPS states of an instanton in the Higgs phase as shown in Fig.3(d) . For general θ, we find periodic lump solutions inside a vortex which can be understood as the 1/4 BPS caloron as shown in Fig.3(b) and (c). The parameter a is the size of the instanton and 1/µ is the period of the caloron.
In view of this solution, we can guess that the monopole strings with large instanton charges in the compactified theory are unstable as follows. If we compactify the x 4 -direction with radius R, the mass of the monopole-string solution b = e µ(w−w 0 ) is 8π 2 Rµ/g 2 . To be precise, let us represent µ = (k + τ )/R with k ∈ Z and τ ∈ [0, 1). Then the above mass of the monopole-string can be rewritten as
This mass corresponds to the mass of k-instantons and a monopole with a "fractional" instanton charge τ . Then the monopole-string with mass 8π 2 Rµ/g 2 can be decomposed into these solitons by continuous deformation like (4.28) . Since the aggregate of the decomposed solitons has larger entropy, the monopole-string with instanton charge greater than unity is unstable and may decay into instantons and a monopole-string with the fractional instanton charge, if this system is put at finite tempertures.
Conclusion and Discussion
We have solved 1/4 BPS equations for composite states made of instantons and vortices. We have shown that all solutions are generated by the moduli matrix which is a holomorphic function of z = x 1 + ix 3 and w = x 2 + ix 4 . The moduli matrix contains all solutions with different boundary conditions and/or different topological charges. As a first step toward the complete classification gauge coupling limit g 2 → ∞ to obtain an exact solution. In this limit the model reduces to a nonlinear sigma model whose target space is the cotangent bundle over the complex Grassmann manifold, T * (G N F ,N C ) [31] . and the exact solution can be obtained as H = (1/ √ Ω g→∞ )H 0 . The instanton number can be calculated to be the product of vorticities, namely ν i = −k z k w . This solution explicitly shows that the U(1) instantons are stuck at the intersection of vortices. We can show that the instanton charge ν i changes its sign under the duality transformation N C ,Ñ C ≡ N F − N C [27] . Therefore, there also exist intersectons with positive instanton charges.
We discuss some more issues in the following. Although we ignore Σ and zero-th component of gauge potential W 0 in this paper, we can also construct electrically charged solitons whose charge is Q e = (g We can show that solutions of these equations are 1/4 BPS states. If we turn off the FI paramter c and set H i = 0, these BPS solutions reduces to that for the 1/2 BPS dyonic instanton [37] . The time-independent solutions of the dyonic instantons in the Higgs phase can be obtained as follows. First we solve the BPS equations (2.8) and (2.9) as shown in this paper. Next we set In superstring theory dyonic instantons in the pure SUSY Yang-Mills theory were found to be supertubes [38] (and see also references in [39] ) between parallel D4-branes [40] . Brane constructions for the dyonic instantons in the Higgs phase is an open problem.
Our instantons in the Higgs phase share some properties with non-commutative instantons. First U(1) instantons can exist in the Higgs phase as shown in Eq. (5.2) like non-commutative U(1) instantons [7] . Second their topologies are similar (but not identical) as stated in the footnote 11. The moduli space of (non-commutative) instantons has the hyper-Kähler structure. Although the moduli space of the former has the Kähler structure at least and has real dimensions four multiplied by Z, we do not know if it has the hyper-Kähler structure. It may be not the case because there remain only two SUSY in the former, but their moduli space may be obtained as a deformation of the moduli space of the latter preserving only the Kähler structure. It is very interesting to explore more simiralities between instantons in the Higgs phase and noncommutative instantons [7] . It is also desired to obtain the ADHM construction for our instantons in the Higgs phase.
Dynamics of instantons within a vortex is equivalent to the dynamics of lumps [10, 11] . Further studys in dynamics of sigma model lumps would clarify dynamics of instantons in more general configurations. Not only classical dynamics but also quantum effects in these solitons are important subjects. It was found by N. Dorey in [41] that the BPS spectra in d = 4 N = 2 SUSY gauge theory with N F > N C and d = 2 N = (2, 2) SUSY CP N model with twisted masses completely coincide. One explanation for this coincidence has been given in [9, 20] by considering a monopole inside a vortex. In conformity with these observations, there exist similarities between d = 4 Yang-Mills instantons and d = 2 sigma-model instantons (lumps). Our results in the present paper give a further evidence for the relation because we have realized instantons inside a vortex as sigma model lumps on the vortex theory. For instance, small instanton singularities are understood as small lump singularities. It is also quite interesting to generalize the instanton couting [8] to the case of the instantons in the Higgs phase.
Non-Abelian walls found in [27] are recently realized as D-brane configurations in string theory [34] . By doing this the diverse phenomena of non-Abelian walls can be easily understood by dynamics of D-branes. Monopoles in the Higgs phase are also realized by the same brane configuration [9, 21] . Hence we would like to realize the instantons in the Higgs phase by some D-brane configuration, and we expect that the relation between monopoles and instantons in the Higgs phase can be interpreted as a T-duality in such a D-brane configuration, as in the case of the ordinary monopoles and instantons.
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